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Outline
• The discrete model of the channel with ISI.

• The turbo principle applied to iterative equalization and 
decoding: Turbo Equalization.

• The BCJR algorithm applied to equalization and 
convolutional decoding.

• Example of Turbo Equalization.

• Results and discussion.

• Turbo Equalization using the “Interference Canceler 
(IC)”.
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Introduction

• Turbo codes were invented by Berrou, Glavieux
and Thitimajshima in 1993 [Ber93].

• Turbo Equalization was proposed first by 
Douillard, Jezequel, Berrou, Picart, Didier, and 
Glavieux in 1995.

• A simplified Turbo Equalizer was proposed by 
Glavieux, Laot, and Labat in 1997.
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Multipath Channel (MP)

( )tδ

( )1τδ −t

( )2τδ −t

6

Multipath (MP) channel

channel  theof  taps→ng noise aditive →nw

g1 gNg2

wn

rn

T T

∑

π
n

c



4

7

Conventional system

• Equalization and decoding separately.
• Equalization: Filtering (LMS, DFE)

MLSE (Viterbi Algorithm) 
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Turbo Equalization
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MP channel as a Markov chain
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Transmission model with MP channel
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SISO device
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Maximum A Posteriori (MAP) Equalizer
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MAP Decoder
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Turbo Equalization (TuEqu)
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Turbo Equalization (TuEqu)
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MAP algorithm (BCJR)
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MAP algorithm
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MAP algorithm
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MAP algorithm
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Forward recursive computation of α
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Forward recursive computation of α
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Backward recursive computation of β
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MAP algorithm
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MAP algorithm
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Questions???
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MAP Equalizer
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MAP Equalizer
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MAP Equalizer
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MAP Equalizer
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MAP Equalizer implementation [Koetter]
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MAP Equalizer implementation
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MAP Decoder
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MAP Decoder
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MAP Decoder implementation [Koetter]
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MAP Decoder implementation
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MAP implementation

• For a practical implementation, the vectors 
forward and backward need to be normalized 
to avoid underflow.

• The MAP algorithm can be implemented in the 
log domain (Log-MAP-algorithm) for 
computational simplicity.
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TuEqu example

[ ]

[ ]

[ ]1111111111111111

0111111111111111

01001011

−−−−−−=

−−−−−−=

=

π
n

n

k

c

c

b

bk convolutional
encoder

interleaving BPSK
e(t)

π
nccn

42

TuEqu example

r
module

1

EL3
module

2

EL1
EL2

^

Bmodule
3r r

…,3,2=p

equalizer decoder
)( π

n
E
ext cL)( π

n
E cL )( n

E
ext cL

)( n
D cL

)( n
D
ext cL)( π

n
D
ext cL

1−Π

Π

kb
^

r

( )π
n

E
a cL

1=pequalizer deinterleaving convolutional
decoder

bk
cn

rn
π
nc



22

43

TuEqu example (p=1)

equalizer deinterleaving convolutional
decoder

bk
cn

rn
π
nc

MAP equalizer
rn ( )π

n
E cL

( )π
n

E
a cL

44

TuEqu example (p=1)

21,11 −=r 53,12 −=r 11,03 =r

( ) ( ) ( )( )22

2
2exp

2

1
,' σ

πσ
γ π

nnn vrcPss −−=

08,14 =r

[ ]1111111111111111 −−−−−−=π
nc

629.1−

629.1

0.001
  

0.815
    0.001

   

0s

1s

2s

3s
0.815

     

0.815

     

0.815
      

629.1−

629.1

0.001
  

0.815
    0.001

   

0.815
     

0.815

     

0.815
      

629.1−

629.1

0.001
  

0.815
    0.001

   

0.815
     

0.815

     

0.815
      

629.1−

629.1

0.001
  

0.815
    0.001

   

0.815
     

0.815

     

0.815
      



23

45

TuEqu example (p=1)

( )0,01γ

( )3,31γ

( )2,11
γ

(
)0,2

1γ ( )1,2
   1γ

( )2,3
1γ

(
)3,

11
γ

( )1,0 
1
γ

( )0,02γ

( )3,32γ

(
)0,2

2γ ( )1,2
   2γ

( )2,3
2γ

(
)3,

12
γ

( )1,0 
2

γ

( )2,12
γ

( )0,03γ

( )3,33γ

(
)0,2

3γ ( )1,2
   3γ

( )2,3
3γ

(
)3,

13
γ

( )1,0 
3

γ
( )0,04γ

( )3,34γ

(
)0,2

4γ ( )1,2
   4γ

( )2,3
4γ

(
)3,

14
γ

( )1,0 
4

γ

( )01α

( )11α

( )21α

( )31α

( )2,12
γ ( )2,12

γ

46

TuEqu example (p=1)

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) 03,3.33,1.13

02,3.32,1.12

1970,001970,0.11,2.21,0.01

1955,001955,0.10,2.20,0.00

11112

11112

11112

11112

=+=

=+=

=+=+=

=+=+=

γαγαα

γαγαα
γαγαα

γαγαα

( )0,01γ

( )3,31γ

( )2,11
γ

(
)0,2

1γ ( )1,2
   1γ

( )2,3
1γ

(
)3,

11
γ

( )1,0 
1
γ

( )0,02γ

( )3,32γ

(
)0,2

2γ ( )1,2
   2γ

( )2,3
2γ

(
)3,

12
γ

( )1,0 
2

γ

( )2,12
γ

( )0,03γ

( )3,33γ

(
)0,2

3γ ( )1,2
   3γ

( )2,3
3γ

(
)3,

13
γ

( )1,0 
3

γ
( )0,04γ

( )3,34γ

(
)0,2

4γ ( )1,2
   4γ

( )2,3
4γ

(
)3,

14
γ

( )1,0 
4

γ

( )01α

( )11α

( )21α

( )31α

( )2,12
γ ( )2,12

γ



24

47

TuEqu example (p=1)

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) 0017,000084,0.1970,03,3.33,1.13

0106,000542,0.1970,02,3.32,1.12

0312,001595,0.1970,01,2.21,0.01

0421,002152,0.1955,00,2.20,0.00

22223

22223

22223

22223

=+=+=

=+=+=

=+=+=

=+=+=

γαγαα

γαγαα

γαγαα

γαγαα

( )0,01γ

( )3,31γ

( )2,11
γ

(
)0,2

1γ ( )1,2
   1γ

( )2,3
1γ

(
)3,

11
γ

( )1,0 
1
γ

( )0,02γ

( )3,32γ

(
)0,2

2γ ( )1,2
   2γ

( )2,3
2γ

(
)3,

12
γ

( )1,0 
2

γ

( )2,12
γ

( )0,03γ

( )3,33γ

(
)0,2

3γ ( )1,2
   3γ

( )2,3
3γ

(
)3,

13
γ

( )1,0 
3

γ
( )0,04γ

( )3,34γ

(
)0,2

4γ ( )1,2
   4γ

( )2,3
4γ

(
)3,

14
γ

( )1,0 
4

γ

( )01α

( )11α

( )21α

( )31α

( )2,12
γ ( )2,12

γ

48

TuEqu example (p=1)

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) 0051,03,3.33,1.13

0070,02,3.32,1.12

0078,01,2.21,0.01

0029,00,2.20,0.00

33334

33334

33334

33334

=+=

=+=

=+=

=+=

γαγαα

γαγαα

γαγαα

γαγαα

( )0,01γ

( )3,31γ

( )2,11
γ

(
)0,2

1γ ( )1,2
   1γ

( )2,3
1γ

(
)3,

11
γ

( )1,0 
1
γ

( )0,02γ

( )3,32γ

(
)0,2

2γ ( )1,2
   2γ

( )2,3
2γ

(
)3,

12
γ

( )1,0 
2

γ

( )2,12
γ

( )0,03γ

( )3,33γ

(
)0,2

3γ ( )1,2
   3γ

( )2,3
3γ

(
)3,

13
γ

( )1,0 
3

γ
( )0,04γ

( )3,34γ

(
)0,2

4γ ( )1,2
   4γ

( )2,3
4γ

(
)3,

14
γ

( )1,0 
4

γ

( )01α

( )11α

( )21α

( )31α

( )2,12
γ ( )2,12

γ



25

49

TuEqu example (p=1)

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) 0025,03,3.33,1.13

0019,02,3.32,1.12

0008,01,2.21,0.01

0002,00,2.20,0.00

44445

44445

44445

44445

=+=

=+=

=+=

=+=

γαγαα

γαγαα

γαγαα

γαγαα

( )0,01γ

( )3,31γ

( )2,11
γ

(
)0,2

1γ ( )1,2
   1γ

( )2,3
1γ

(
)3,

11
γ

( )1,0 
1
γ

( )0,02γ

( )3,32γ

(
)0,2

2γ ( )1,2
   2γ

( )2,3
2γ

(
)3,

12
γ

( )1,0 
2

γ

( )2,12
γ

( )0,03γ

( )3,33γ

(
)0,2

3γ ( )1,2
   3γ

( )2,3
3γ

(
)3,

13
γ

( )1,0 
3

γ
( )0,04γ

( )3,34γ

(
)0,2

4γ ( )1,2
   4γ

( )2,3
4γ

(
)3,

14
γ

( )1,0 
4

γ

( )01α

( )11α

( )21α

( )31α

( )2,12
γ ( )2,12

γ

50

TuEqu example (p=1)

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) 9

45454

9
45454

9
45454

9
45454

10.5,03,3.32,3.23

10.4,01,2.10,2.02

10.5,03,1.32,1.21

10.1,01,0.10,0.00

−

−

−

−

=+=

=+=

=+=

=+=

γβγββ

γβγββ

γβγββ

γβγββ

( )0,01γ

( )3,31γ

( )2,11
γ

(
)0,2

1γ ( )1,2
   1γ

( )2,3
1γ

(
)3,

11
γ

( )1,0 
1
γ

( )0,02γ

( )3,32γ

(
)0,2

2γ ( )1,2
   2γ

( )2,3
2γ

(
)3,

12
γ

( )1,0 
2

γ

( )2,12
γ

( )0,03γ

( )3,33γ

(
)0,2

3γ ( )1,2
   3γ

( )2,3
3γ

(
)3,

13
γ

( )1,0 
3

γ
( )0,04γ

( )3,34γ

(
)0,2

4γ ( )1,2
   4γ

( )2,3
4γ

(
)3,

14
γ

( )1,0 
4

γ

( )05β

( )15β

( )25β

( )35β

( )2,11
γ ( )2,11

γ



26

51

TuEqu example (p=1)

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) 9

34343

9
34343

9
34343

9
34343

10.1,03,3.32,3.23

10.1,01,2.10,2.02

10.2,03,1.32,1.21

10.0,01,0.10,0.00

−

−

−

−

=+=

=+=

=+=

=+=

γβγββ

γβγββ

γβγββ

γβγββ

( )0,01γ

( )3,31γ

( )2,11
γ

(
)0,2

1γ ( )1,2
   1γ

( )2,3
1γ

(
)3,

11
γ

( )1,0 
1
γ

( )0,02γ

( )3,32γ

(
)0,2

2γ ( )1,2
   2γ

( )2,3
2γ

(
)3,

12
γ

( )1,0 
2

γ

( )2,12
γ

( )0,03γ

( )3,33γ

(
)0,2

3γ ( )1,2
   3γ

( )2,3
3γ

(
)3,

13
γ

( )1,0 
3

γ
( )0,04γ

( )3,34γ

(
)0,2

4γ ( )1,2
   4γ

( )2,3
4γ

(
)3,

14
γ

( )1,0 
4

γ

( )05β

( )15β

( )25β

( )35β

( )2,11
γ ( )2,11

γ

52

TuEqu example (p=1)

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) 10

23232

10
23232

10
23232

10
23232

10.0,03,3.32,3.23

10.2,01,2.10,2.02

10.1,03,1.32,1.21

10.4,01,0.10,0.00

−

−

−

−

=+=

=+=

=+=

=+=

γβγββ

γβγββ

γβγββ

γβγββ

( )0,01γ

( )3,31γ

( )2,11
γ

(
)0,2

1γ ( )1,2
   1γ

( )2,3
1γ

(
)3,

11
γ

( )1,0 
1
γ

( )0,02γ

( )3,32γ

(
)0,2

2γ ( )1,2
   2γ

( )2,3
2γ

(
)3,

12
γ

( )1,0 
2

γ

( )2,12
γ

( )0,03γ

( )3,33γ

(
)0,2

3γ ( )1,2
   3γ

( )2,3
3γ

(
)3,

13
γ

( )1,0 
3

γ
( )0,04γ

( )3,34γ

(
)0,2

4γ ( )1,2
   4γ

( )2,3
4γ

(
)3,

14
γ

( )1,0 
4

γ

( )05β

( )15β

( )25β

( )35β

( )2,11
γ ( )2,11

γ



27

53

TuEqu example (p=1)

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) 10

12121

10
12121

10
12121

10
12121

10.0,03,3.32,3.23

10.1,01,2.10,2.02

10.0,03,1.32,1.21

10.1,01,0.10,0.00

−

−

−

−

=+=

=+=

=+=

=+=

γβγββ

γβγββ

γβγββ

γβγββ

( )0,01γ

( )3,31γ

( )2,11
γ

(
)0,2

1γ ( )1,2
   1γ

( )2,3
1γ

(
)3,

11
γ

( )1,0 
1
γ

( )0,02γ

( )3,32γ

(
)0,2

2γ ( )1,2
   2γ

( )2,3
2γ

(
)3,

12
γ

( )1,0 
2

γ

( )2,12
γ

( )0,03γ

( )3,33γ

(
)0,2

3γ ( )1,2
   3γ

( )2,3
3γ

(
)3,

13
γ

( )1,0 
3

γ
( )0,04γ

( )3,34γ

(
)0,2

4γ ( )1,2
   4γ

( )2,3
4γ

(
)3,

14
γ

( )1,0 
4

γ

( )05β

( )15β

( )25β

( )35β

( )2,11
γ ( )2,11

γ

54

TuEqu example (p=1)

( )
( )

( )

( ) ( ) ( )

( ) ( ) ( )




















=























=

∑

∑

∑

∑

−=
−

+=
−

−=
−

+=
−

1

''
1

1

''
1

1
1

1
1

,

,

ln  

,,

,,

ln| 

π

π

π

π

βγα

βγα
π

n

n

n

n

c
nnn

c
nnn

c
nn

c
nn

n
E

ssss

ssss

SSp

SSp

cL

r

r

r

( )0,01γ

( )3,31γ

( )2,11
γ

(
)0,2

1γ ( )1,2
   1γ

( )2,3
1γ

(
)3,

11
γ

( )1,0 
1
γ

( )0,02γ

( )3,32γ

(
)0,2

2γ ( )1,2
   2γ

( )2,3
2γ

(
)3,

12
γ

( )1,0 
2

γ

( )2,12
γ

( )0,03γ

( )3,33γ

(
)0,2

3γ ( )1,2
   3γ

( )2,3
3γ

(
)3,

13
γ

( )1,0 
3

γ
( )0,04γ

( )3,34γ

(
)0,2

4γ ( )1,2
   4γ

( )2,3
4γ

(
)3,

14
γ

( )1,0 
4

γ

( )05β

( )15β

( )25β

( )35β

( )2,11
γ ( )2,11

γ



28

55

TuEqu example (p=1)

( )0,01γ

( )3,31γ

( )2,11
γ

(
)0,2

1γ ( )1,2
   1γ

( )2,3
1γ

(
)3,

11
γ

( )1,0 
1
γ

( )01α

( )11α

( )21α

( )31α

( )02β

( )12β

( )22β

( )32β

( )
( )

( )
 

,,

,,

ln| 

1
1

1
1

1























=

∑

∑

−=
−

+=
−

π

π

n

n

c
nn

c
nn

E

SSp

SSp

cL

r

r

r

56

TuEqu example (p=1)

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )3.3,3.31.1,2.2                             

3.3,1.11.1,0.0,,

211211

211211
1

1

βγαβγα

βγαβγα
π

++

+=∑
+=

−

nc
nn SSp r

( )3,31γ

( )1,2
   1γ

(
)3,

11
γ

( )1,0 
1
γ

( )01α

( )11α

( )21α

( )31α

( )02β

( )12β

( )22β

( )32β



29

57

TuEqu example (p=1)

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )2.2,3.30.0,2.2                             

2.2,1.10.0,0.0,,

211211

211211
1

1

βγαβγα

βγαβγα
π

++

+=∑
−=

−

nc
nn SSp r

( )0,01γ

( )2,11
γ

(
)0,2

1γ

( )2,3
1γ

( )01α

( )11α

( )21α

( )31α

( )02β

( )12β

( )22β

( )32β

58

TuEqu example (p=1)

( )0,01γ

( )3,31γ

( )2,11
γ

(
)0,2

1γ ( )1,2
   1γ

( )2,3
1γ

(
)3,

11
γ

( )1,0 
1
γ

( )01α

( )11α

( )21α

( )31α

( )02β

( )12β

( )22β

( )32β

( )
( )

( )
1,7504 

,,

,,

ln| 

1
1

1
1

1 −=























=

∑

∑

−=
−

+=
−

π

π
π

n

n

c
nn

c
nn

E

SSp

SSp

cL

r

r

r



30

59

TuEqu example (p=1)

( ) [ ]…7291,17274,02874,07504,1−=π
n

E cL

[ ]1111111111111111 −−−−−−=nc

decisions   wrong toleads

MAP equalizer
rn ( )π

n
E cL

( )π
n

E
a cL

60

TuEqu example (p=1)

equalizer deinterleaving convolutional
decoder

bk
cn

rn
π
nc

MAP decoder
Z

( )n
D cL

( )k
D bL



31

61

TuEqu example (p=1)

( ) ( ) ( )[ ] | ... | | 21 rrrZ NcPcPcP=

( ) [ ]…5313,39099,04354,47504,1 −−=n
E cL

( ) ( )( )
( )( )r

r
r

|exp1
|.exp

|
n

E
ext

n
E
ext

n cL

cLc
cP

+
≅ { }0,1  ∈c

( ) [ ] 0,97160,28700,98830,14801 …==ncZ

( ) [ ] 0,02840,71300,01170,85200 …==ncZ

MAP decoder
Z

( )n
D cL

( )k
D bL

62

TuEqu example (p=1)

10/1

00/0

1/00  1/01
    0/10   

3s

2s

1s

0s
1/11

     

0/11
     

0/01
      

01.ZZ

00.ZZ

00.Z Z 1
0.Z

Z

01.Z Z

3s

2s

1s

0s
11.Z Z

1
1.Z

Z

10 .Z Z

( ) ( ) ( ) ( )rr |.|., ,,22,,11 jijikji ccPccPbPss ===γ

bitsn informatio  theofn informatio priori a no is  there

( ) ( ) ( )[ ] | ... | | 21 rrr NcPcPcPZ =



32

63

TuEqu example (p=1)

[ ]01001011=kb

[ ]10010011ˆ

:bitsn informatio  theof decisions Hard

=kb

[ ]1111111111111111 −−−−−−−=nc

[ ]1111111111111111ˆ

:bits coded  theof decisions Hard

−−−−=nc

MAP decoder
Z

( )n
D cL

( )k
D bL

64

TuEqu example (p=2)

( ) ( )( )
( )( ) ( )( )22

2
2exp

2

1
.

exp1
.exp

,' σ
πσ

γ π

π

nn
n

D
ext

n
D
ext vr

cL

cLc
ss −−

+
=

equalizer decoder
)( π

n
E
ext cL)( π

n
E cL )( n

E
ext cL

)( n
D cL

)( π
n

D
ext cL

1−Π

Π

kb
^

r

( )π
n

E
a cL

MAP equalizer
rn ( )π

n
E cL

( )π
n

E
a cL



33

65

TuEqu example (p=2)
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TuEqu example (p=2)
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TuEqu example (p=2)
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Questions???
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Evolution of the LLR’s
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Results
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TuEqu using MAP

• The MAP algorithm applied in turbo 
equalization is adequate to low spectral 
efficiency modulations and channels 
exhibiting a low delay spread.

• In 1997, Glavieux proposed an Interference 
Canceller in the Turbo Equalizer for 
channels with strong delay spread and high 
order modulations.
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Turbo Equalization with IC
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Turbo Equalization with IC

{ } ( ) ( ) ( )
( )( )
( )( ) ( )( )

( )








=

+
−

+
+

=

−−=++===

2
tanh

exp1
1

exp1
exp

1.11.1

:is F2filter   theofinput  The

k
D
ext

nn

n

nnkn

cL

cLcL

cL

cPcPcEλ

F1
nr

_

nλ

nc

F2



38

75

TuEqu example

r
module

1

EL3
module

2

EL1
EL2

^

Bmodule
3r r

1=pequalizer deinterleaving convolutional
decoder

bk
cn

rn
π
nc

…,3,2=p

decoder1−Π

Π

kb
^R

nλ
F2

F1
)( π

n
E
ext cL )( n

E
ext cL

)( n
D cL

)( n
D
ext cL)( π

n
D
ext cL

76

Adaptive Turbo Equalization
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Results [Laot]
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TuEq, other approaches

• Turbo equalization using block codes

• Turbo equalization using turbo codes

• Turbo equalization using joint channel 
estimation and MAP equalization (BCJR).

• Turbo equalization applied in multi-user 
detection of CDMA systems.
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Questions???


