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The discrete model of the channel with ISI.

The turbo principle applied to iterative equalization and
decodingTurbo Equalization.

The BCJR algorithm applied to equalization and
convolutional decoding.

Example ofTurbo Equalization.
Results and discussion.

Turbo Equalization using the fnterference Canceler
(1.




Introduction Inatel

* Turbo codes were invented by Berrou, Glavieux
and Thitimajshima in 1993 [Ber93].

 Turbo Equalization was proposed first by
Douillard, Jezequel, Berrou, Picart, Didier, and
Glavieux in 1995.

Turbo Equalization

* A simplified Turbo Equalizer was proposed by
Glavieux, Laot, and Labat in 1997.
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Multipath Channel (MP) Inatel
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Multipath (MP) channel Inatel
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Turbo Equalization
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Conventional system Inatel

» Equalization and decoding separately.

» Equalization: Filtering (LMS, DFE)
MLSE (Viterbi Algorithm)

j» equalizer C.| deinterleavirlg™, | convolutional bk,
= decoder
;
Turbo Equalization Inatel
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MP channel as a Markov chaiatel
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Transmission model with MP chaniedgtel
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SISO device Inatel

input outpu

— SISO

Log-Likelihood Ratio (LLR) = In[ P=+1)
P(x=-1)

Turbo Equalization

A hard decision can be done based on the signal of the LLR

*The reliability of the decision is related to by the magnitude
of the LLR.
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Maximum A Posteriori (MAP) Equalizeinatel

o MAP equalize,ﬁ(cg) LE(C:)EIH(P(C: =+1|r)j

Pic: =-1|r )

Efr)_ P(c;’:+1|r) , .
L (c )_ In(m], usingBayesRule:

n

_ In( plr |c7 = +1)j+ ln(P(c,’f 3 +1)] _

plr le; =-1)) " " ( Plc; =-1)
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LE(c” )— Extrinsicinformatian

LE(c7 ) — A Priori Informatian
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MAP Decoder Inatel

Z=[P(c,|r)P(c,|r)...P(cy |r)] - L°(c,)
(- ——» MAP decoder
% P 1Z L)
N L°(c. )= In((c"_m], usingBayesRule:
© P(Cn = _1| Z)
)
0 = In( pZ]c, = +1)J + In( Plc, = +1)j =L2(c,)+Lo(c,)
e} p(Z | G, = _1) P(Cn = _1)
2
: ~
2l Also, theMAP decodecomputesin estimateb, of thetransmited

dataasthemostlikely bit givenZ.

13

Turbo Equalization (TuEqu) Inatel
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Turbo Equalization (TuEqu) Inatel

Lec(C7)
11 (= +)-
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T h equalizer I1 : decoder
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Questions???  Inatel
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MAP algorithm (BCJR) Inatel

c _ [ Pla=+11)
S L(m="{P(bK=—1lr)
©
N ,
£ kel K ~i
] using Bayesrule: P(a,b) = P(a|b)P(b)
o
g (zpmswr)}
= G OV
Plo. - ( b;;(s“,swr)j
MAP algorithm Inatel
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Turbo Equalization
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MAP algorithm Inatel

p(S',S, R)z p(s',s, rj<ksrk’rj>k)

UsingBayesrule: P(a,b)= P(a|b)P(b)
p(S',S,I’)z p(rj>k |{S',S, rj<k'rk}) p(S',S, rj<k’rk)

Usinc the assumptio that thcchanne is memorryles, the future
receivedsequence,_, will only dependon thepresenstates:

P(s,sr)= p(rj>k |s)pls',s, rj<k’rk)
= p(rj>k |S) p({rk,s} | {s|’rj<k }) p(sl’rj<k)
= p(rj>k |S) p({rk | S} | Sl) p(slv rj<k)

‘ P(S"S’ R) =B (S)7k (S" S)ak—1(sl)

19

MAP algorithm Inatel

ak—l(sl): plS., =5, rj<k)

e" (S',S) = p({rk S = S} | S, = S')

20
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Forward recursive computation ef/natel

ak(s): p(sk = S'rj<k+l)

c
9o
g ak(s): p(S’ rj<k’rk): Z p(sl’s’rkk'rk)
o als
'-'CJ) UsingBayestuleandtheassumptiorthat thechannels memoryless
'g ak(s) = a;‘ p(S',S, rj<k’rk): ;‘ p({S, rk} | {Sl’ rj<k}) p(sl’ rj<k)
l_ S . I S

ak(s) = Z p({s, rk} | S) p(S ) rj<k) Bayes rule:

al s' = )
‘ y  P(ab)=P(a|b)P(b)
(s)= D (s,8)a4(s
al s
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Forward recursive computation ef/natel

Sk-1 Sy
00 a, (0

5 0 ak_l(o) o 7k( ) ///:Vk"( )
EUI. ////
= 1 a4(1) o 7¢(2,0) o
S
] 2 . .
o
4 - :
|_

,(0)= &, 4(0)7,(0,0)+ &, ,(1).7,(1,0)
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Backward recursive computation pfnatel

ﬂk—l(sl) = p(rj>k—1 | Sk—l = Sl)

Bayesrule:

(
=3 plr, 14881} p(fr. S} 8) > Pla.b)= Plalb)Pib)
(

P({a,b}|c)=P(a|(b,c))P(b]c)

c

% ﬁk—l(sl): p(rj>k71|S')

% = Z p({rj>k—1’s}| S')

T al's PRI S liok >
LICJJ- :Zp{rpk’rk’s}ls)

o]

2

=)

=

= > plr s} p(lr s1s)

als

,Bk—l(sl) = z B (S)7k (5'1 S)

als
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Backward recursive computation pfnatel

SK Sk+1
(0) (00
g k(\ 7k 1( L‘ ,Bk+1(0)
% \\\\
N ° Sl °
E 20)°
2,0 AN
|_|CJJ- i Vit te ﬂk+1(2)
o
- o .
E
rk+1

B(0)= f,1(0)7,.1(0,0)+ B.1(2)7,.4(0,2)
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MAP algorithm Inatel

a (S) = 27’ k (S’ Sl)-ak—1(s) ) ﬁk—l(sl ) = ;7’ k (Sl’ S)'ﬁk (S)

als'

c
._g Sk Sk Ski1
© 0,0 0 0,0
él 0 ak,l(O) 7’k( ) /ak(\)\ 7k+1( ) ﬂk+1(0)
© /,/"/ Bi(0) ™~
= 1 @) 7, (10 . St
L 20)
2 L4 U 7k+1( ) te ﬁk+1(2)
o
-e 3 ° ° e
-]
l_ 03 Mk

,(0)= 2, 4(0)7,(0,0) + & ,(1)7,(10)
5(0)= B1(0)714(00)+ 5.1(2)7,2(02)

MAP algorithm Inatel
5 _ [P(bk=+ur)J
< mRalGrEs
§ k-1 K -
O
L
8 (zms“,swr)} (zakl(s‘)yk(sus)ms)j
= (b )=In2" =
(b; p(Scss sK.r)] (glakl(s‘ ) (s.9)B, (s)j
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Questions??? Inatel

Turbo Equalization
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MAP Equalizer Inatel
LE(C”)E"’\ P C:: =+1||’ 'n MAP equalize,j(cg)
TP =) K)o
Bayesrule:

7a(s,5)=p({r,S, =5}1S,2=5)  |p(ab)=P(alb)P(b)
P({a,b}| c)=P(al(b,c).P(b]c)

Usin¢ Bayesrule:

yn(s',sH\st,s-}y P<s|s->&

isgoverne: by theinput symbo
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is governer by the outputsymbo
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MAP Equalizer Inatel

Cy 9, =0407; g, =0815; g, = 0,407

0,407

7.(8.5)= p(r, |{s.s}).P(s|s)

72(8.9)= p(1, IV, }P(c})
p(r, |v,) = exd(r, -v, )’ /262 )N 2702

Turbo Equalization

29

MAP Equalizer Inatel
: y(s,s)= %exp( r,—v,)/20°)
'% obtaine(from the extrinsic ° (¢, )~In P(cr=+1
% informatian L2, (c, ) of thedecodert s Plc, =-1
=
o p(c’f :+1) 1- P(c” :—1)
L D 7\~ n D 7T\~ n
ol SOy ey
5 o) AL () SR\ N
[t P(Cn —+1)=1 Fex efgxt - P(C” 1)_1+ex Lo.(c

P(c; =c)= exflcL, (C:‘;)) ce{0,1
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MAP Equalizer Inatel

7(s',s)= 1iX5<Cp.{LI;DQ§¢ ((CC:‘});) J% exd—(r, v,/ 202) ce{0,1

c
O
)
©
N
—_— L(c) versus P(c=+1) L(c) versus P(c=-1)
o 10 10
3 8 8
g s
4 4
' z
S I b
) L =2 L2
l_ -4 -4
-6 -6
8 8
10 -10
0 0.1 02 03 04 05 06 07 08 0.9 1 0 0.1 02 03 04 05 06 07 08 0.9 1
P(c=+1) P(c=-1)
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MAP Equalizer implementation [Koetterinatel

1000
|loo1o0
11000

0010

Turbo Equalization

{P}i,j,n = 7n(si ’Sj ! n)
{B}, ; » — componentwise productof AandP

32




Turbo Equalization
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MAP Equalizer implementatiolratel

Input : Matrices P,, A(+1),A(-1),B,(+1),B,(-1), f, eb,.

Initialization: the first column of vectof and the last of
vectorb are initialized as 1 for every lines.

Recursivey computcof f ancb:

f =P f ,n=1...,N
b,=P,b,, ,n=N-1...1
Output: forn=1,...,.N [zanl(s')yn(s',s)ﬂn(S)J
E(~7 fr;r Bn("—]')bml LE(C”|I'):|H =+
L (Cn |r): InT— n . .
fn Bn(_ 1)bn+1 (Zanl(S)J/n(SyS)ﬂn(s)j
ch=-1 P .
&)
MAP Decoder Inatel
L°(c,)
LP MAP d
ecoder
>
L°(b,)
P(C :+1IZ) D D
L°(c )=In| —r— 2=/ || L
@)= P 1261260
exp (c.LE, (c
P(c, Ir)= P (e.L5 (¢,)) cef{0,1)

1+ exp (LEXt (c, ))

Z=[P(q,Ir)P(e, Ir)..P(ey IN)]

34
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Turbo Equalization
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MAP Decoder Inatel

b |

7a(s.8)= p({1,.S, =s}IS,, =%)

Usin¢ Bayesrule:

is governe: by the outputsymbo isgoverne: by theinputsymbo

V(Si’sj):P(q =Gy |r)P(Cz =Gy |I’)

there is nca prioriinformaticn of theinformaticn bits

46)

MAP Decoder implementation [Koetter]/natel

0100 100 0
A@=? 00l pgo0to
0100 1000
0001 0 01 0]
0100 10 0 0
A@-® 010 pg000
“’1000 "7 0100
0001 0010
0100 10 0 0
A@® 00 pglo0tO
=77 l1to000/" " (o100
0010 000 1

36
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MAP Decoder implementatiorinatel

Input : Matrices P_,/A(+1),A(0),B (+1),B,(0) ,f, eb,.

g forb,c, ancc,
'g Initialization: the first column of vectof and the last of
BN vectorb are initialized as 1 for every lines.
®
=B Recursivey computcof f ancb:
W f =P T, n=1...,N
.8 b,=P,b, ,n=N-1,...1
5
= Output: f =1,..,N
o forn e S )
f'B.(+1)b L°(c, |r)=In>="
L°(c |r)=In-~—r n+l " N
L i | Sehils )
= 37 .
&)
MAP implementation Inatel

 For a practical implementation, the vectors
forward and backward need to be normalized
to avoid underflow.

 TheMAP algorithm can be implemented in the
log domain (Log-MAP-algorithm)  for
computational simplicity.

Turbo Equalization

38
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Questions??? Inatel
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TuEqu example Inatel

T
c b, convolutional |% | . ) Gy MP e(t)
._g encoder » interleaving ™1 channel
©
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TuEqu example Inatel

b i t
convolutional | ~n BPSK et)

encoder
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TuEqu example Inatel

- D
L2, (c7) T Lea(C,)
. 5 _
c () L°(c,) p=23,...
@) . Lo (ch LE.(c
= equalizef =(%) I 21CY) decoder ~
© r bk
N
©
=) E
o b R r :
LU 4", module module module B
o) —> 1 r 2 r 3
0
-
-]
l_
BN equalizer i:, deinterleavirig™, Coz‘gggg:‘al by p =1
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TuEqu example (p=1) Inatel

c
[ r
= - - - 1 C lutional | b
© n C, n_| convolu K
N —»  equalizer deinterleaving decoder [
®
o)
on
L
o}
0
5 r E

n ——» i
= MAP equalize,ﬂl‘(Cn )

lSer)
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Turbo Equalization
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Turbo Equalization

a,(0)=a,(0).7,(0,0)+ ,(2).7,(2,0)=1.01955 + 0 = 0,195¢
a,(1) = a,(0)y,(01)+ ,(2)y,(21)= 1.01970+ 0= 01970
a,(2) =, (V1 (12)+ e, (3)11(32) =0
,(3)= ,(D)7,(13)+,(3)74(33) =0

46
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Turbo Equalization

Turbo Equalization

a5(0)=a,(0).7,(0,0)+ ,(2).,(2,0) = 0,195E.0,2152+ 0 = 0,0421
(1) = &,(0),(01) + &,(2),(21) = 0197001595+ 0 = 0,0312
2)= a,(1),(12)+ &, (3)7,(32) = 019700,0542+ 0 = 0,0106
- a,(1,(13)+ ,(3),(33) = 019700,0084+ 0 = 0,0017

47
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TuEqu example (p=1) Inatel

a,(0)= a;(0).75(0,0)+ a5(2).,(2,0) = 0,002¢
0‘4(1) = 0‘3(0)-7’3(01)"' 0‘3(2)-73(21) =0,0078
0‘4(2) = 0‘3(1)-73(1'2) + 0‘3(3)-73(312) =0,0070
a,(3) = a;(1)75(13) + a5(3)75(33) = 0,0051

48
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Turbo Equalization

Turbo Equalization

2)=a,)y,(12)+a,(3)y,(32)=0,0019
3)=a,(1).7,(13)+,(3)y,(33)=0,0025

49

TuEqu example (p=1) Inatel

Y 1( 0,0) Ve 2( 0-0) ;/3( 0,0) % 4( 0,0) Ps (O)

50
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Turbo Equalization

Turbo Equalization

Bs (0) =P, (0)-7’ 3(010) + 5, (1)-7 3(0,1) = 0010°°
(1) =p, (2)-7 3(1'2) + 5, (3)-7 3(1'3) = 02107

ﬂa(z) = B.(0)y5(20)+ B, (1)-73( 21)= 0110°
Bs(3)= B,(2)75(32)+ B4(3)75(33) = 0110°
TuEqu example (p=1) Inatel
}’1(0,0) Ve 2(0-0) ;/3(0,0) 74( 0,0) Ps (0)

)
I
=
~~
N
N—

Ry
N
—~~
w
N
N—"
+
=
—~
)
Ry
N
—~
w
)
I
o
[«
|_\
<
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Turbo Equalization

Turbo Equalization

£.(0)= 5,(0)7,(00)+ ,(2).,(01) = 0110
A1) = B,(2)7,(12)+ ,(3)7,(13) = 0010

£(2)= B,(0)r,(20)+ B,(1)r,(21)= 01107
B(3)= 5,(2)7.(32)+ 5,(3)7,(33)= 00107

53

TuEqu example (p=1) Inatel

Y 1( 0,0) Ve 2( 0-0) ;/3( 0,0) % 4( 0,0) Ps (0)
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TuEqu example (p=1) Inatel

cC

O

5

N

©

>

O

L

O

0

5

2 (z oSS, r)j

L*(c Ir)=In3===
(z oSS, r)]
=1
TuEqu example (p=1) Inatel

c
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O
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;lp(sn—v S..1)=(0)7,(01).5,(1)+ a,(2).,(13).5,(3)
+a,(2).7,(22).5,(1)+ al(s)-7 Al 313)-ﬂ2 (3)

56
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TuEqu example (p=1) Inatel

Turbo Equalization

le(sn_l’ ST ) =,(0)7,(00).5,(0)+ ,(2):1(12).,(2)
+ 051(2)-7 1( 20).5,(0)+ al(s)-7 1(32).5,(2)

57

TuEqu example (p=1) Inatel
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TuEqu example (p=1) Inatel

MAP equalizef S, \™"

L5(c7)=[=17504 0,2874 10,7274 1,7291.]

lead<to wrong¢ decision
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TuEqu example (p=1) Inatel

cC
O
© M c: C, |convolutional | b
— equalizer ny| deinterleavirlg " Ky
QI g h decoder
®
)
O
L
(o]
2 o
5 L°(c,)
~ 7 N
—» MAP decoder
| >

L°(b)
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Turbo Equalization
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TuEqu example (p=1) Inatel

L°(c,)
Z=[P(C1|I’)P(C2|I’)...P(CN |I’)] Z4>MAPdecoder

(b

exp (c.L;t (c |r))
P = . 0,1
G l)= e (L5 e, 1) 5107

L5(c,)=[-17504 4,4354 —0,9099 35313..]
Z(c,=1)=[0,148C 0,988: 0,287( 0,971¢.. ]
Z(c,=0)=[0,852( 0,0117 0,713( 0,028...]

61 &5

TuEqu example (p=1) Inatel

Z=[P(c;r)P(c, |r)...P(cy IT)]

7(s.s, ):P(c1 =cy,; Ir)Plc,=cy; IT)

there is noa priori informaticn of theinformaticn bits ¢,
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Turbo Equalization

Turbo Equalization

TuEqu example (p=1) Inatel

L(c,)

Z >

——» MAP decoder
D
°b,)

b=[1 1 010 0 1 0]
Harc decision of theinformaticn bits:

=0 1-11-11-1-11-11-1111 -]
Harc decision of the code bits:
&=L 1-11-11-121171-11117

63 -
&)
TuEqu example (p=2) Inatel
Lea (C7)
I1
5(er) -
::ecwalizer LM(Cn) H*l Lex‘(cn) decoder_»t’;k
o MAPequaIizeiE(C:)
L5ler) —
oL exdell(er) 1 (r v /252
78 el ) Voo o127
64
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Turbo Equalization
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TuEqu example (p=2) Inatel

p=1
=1 -11111-11-1-1111-11 -1]

LE(C;;):[ 0,7274 17291.]

leadsto wrong decision

p=2
=0 -11111-11-1-1111-11 -1]

LE(c;;)= 2,0979 18811..]

errors correctel

65

TuEqu example (p=2) Inatel

L°(c,)
= r r)... r Z Ll \ap decoder
Z=[P(c,|r)P(c, |r)...P(cy IT)] o)

. expcLs (e, ()
P(e,lr)= 1+ exp (LEXt (c, |r)) ce{0.g

L(c,)=[-0,9085 4,2859 -13199 39053..]

Z(c,=1)=[0,287: 0,986: 0,210¢ 0,980:...]

Z(c,=0)=[0,7127 0,013¢ 0,789. 0,019....]

66
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TuEqu example (p=2) Inatel
L’(c,)

LF MAP decoderH
)

b=1 1010 0 1 0]
Harc decision of theinformaticn bits:
b=[L 1 010 00 1]

Turbo Equalization

¢c=11-11-11-1-11-11-1111 -]
Harc decision of the codebits:
=1 1-11-11-1-11-11-11111/7

67

TuEqu example (p=2) Inatel

=1
IF-)Iarc decision of theinformaticn bits:
b=[L 1 001 00 1
Harc decision of the codebits:
=11 -11-11-11111-1111]1]

=2
IF-)Iarc decision of theinformaticn bits:
b=[L 1010 0001
Harc decision of the code bits:
¢=01-11-11-1-11-11-11111]
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Turbo Equalization

Turbo Equalization

Questions???

Instituto Nacional de Tel

Telecomunicagoes

69

Evolution of the LLR’s

Instituto Nacional de Telecomunicagoes

without interaction

30

20

10

-100 0

second interaction

100

30

20

first interaction

-100 a

fourth interaction

100
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Turbo Equalization

Turbo Equalization

Results Inatel

10’

10"

10°

777777777777777777777777777 Efififi[ififif#fifif
—— iteration 1
—w— iteration 2

—»— iteration 3
-6~ iteration 4
Lt -=—==—--=-====L% _o- jteration 5

|

—————————— = | — coded AWGN channel without IS
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TuEqu using MAP Inatel

The MAP algorithm applied in turbo
equalization is adequate to low spectrs
efficiency modulations and channels
exhibiting a low delay spread.

In 1997, Glavieux proposed anterference

Canceller in the Turbo Equalizer for
channels with strong delay spread and hig
order modulations.
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Turbo Equalization with IC

Instituto Nacional de Telecomunicagoes

L° (c7) Loa(C,)
I1 = (+) -
— D
n \_, - L°(c,)
—% LE (c” LE (c \
R —» F1 GXt( n) H—l ext( n) P decoder o
Matched filter
rn + Cn
ISI estimator, F1
-
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Turbo Equalization with IC

Instituto Nacional de Telecomunicagoes

Theinputof thefilter F2is:
A, =E{c.}=P(c, =+1).1+P(c, =-1)(-1)

_expL(c,))

D

_ Lo:(c)
_1+exr(L(cn))+1+ede(cn))_tam{ 2 j
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TuEqu example Inatel
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Foreachstage the equalizeis updateraccordin(to
themean square error(MSE)criterion[Laot]:

MSE = E{[c, - 2, %}
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Wk+l :Wk _IU'R(Sn _én)
Dy, = Dy + 1R(s, - ¢,)
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Turbo Equalization

Results [Laot]
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Theoretical bound
Matrix B4x64 unif.
Matrix 84x64 non unif,
Matrix 1282128 non unif. | . o

EL/ND in dB
7

TuEq, other approaches

Instituto Nacional de Telecomunicagoes

» Turbo equalization using block codes
» Turbo equalization using turbo codes

» Turbo equalization using joint channel
estimation and MAP equalization (BCJR).

e Turbo equalization applied in multi-user
detection of CDMA systems.
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