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Abstract— Wavelet channel coding (WCC) has been proposed (GA) to numerically minimize a semi-analytical formula for
by Tzannes at al. [1] as an approach to overcome fading effects BER. The proposed optimization has a high computational

in wireless communications channels. As can be seen in [2],cnst due to the “global” nature of the GA, and the obtained
WCC has good performance and simple decoding algorithm when ,t llati in 121 h f ’
compared to other wireless transmission schemes, surpasseoCons ellations in [2] have mean away from zero.

in terms of bit error rate (BER) performance the space-time In this work we apply an iterative methodology presented
block coding (STBC) system proposed by Tarokh at al. [3] in [4] to obtain with low computational cost, zero mean
with similar complexity. Due to the non-uniform probability  constellations that outperforms the special PSK consifia

distribution of Wavelet symbols, special modulation schemes designed in [2] and [6]. We extend our previous work [5]

must be employed in WCC systems. In this work we improve . - . .
an iterative methodology presented in [4] to obtain with small by adding a symmetry restriction to the constellation desig

computational cost, zero mean constellations that outperforms @lgorithm and by using a BER metric instead of symbol error
the special PSK constellations designed in [2], and we extendrate metric for performance evaluation.
our previous work [5] by adding a symmetry restriction to the The remaining of this paper is organized as follows. In
constellation design algon_thm and by using a BER metric instead Section Il we describe the wavelet coding and decoding pro-
of symbol error rate metric for performance evaluation. cesses. The desian methodoloay to optimize the constallati
Index Terms—wavelet, channel, coding, constellation, fading, ) 9 ay . ptumiz - . !
performance. maps for wavelet-coded systems is presented in Section lIl.
In Section IV simulation results are presented and disclisse

l. INTRODUCTION Finally, Section V contains some concluding remarks.

Wavelet channel coding has been proposed by Tzannes at Il. WAVELET ENCODING

al. [1] as an approach to overcome fading effects in wirelessA wavelet coefficient matriXWWCM) of orderm and genus
communications channels. This technique is based on thés defined as follows
orthogonality between rows of wavelet coefficient matrix 0 0

(WCM). Each encoded symbol, callegavelet symbolis Z(f’ L Zi”g_l

produced by a weighted sum of several message bits, and the A= ” roomet 1)
information contained in each message bit is spread out in : :

several wavelet symbols. This feature gives an intringieti a{)”’l SRR aﬁg’_ll

diversity to the encoded sequence. . - j
! o . In this work we use a WCM whose coefficients’) €

rforman iated with simpl ing algp- . . o k .

Good performance associated simple decoding alg 1,—1}, and its rows satisfy the modified wavelet scaling

rithm is a remarkable advantage of wavelet coding compar ditions 11, [71-
to other wireless transmission schemes. For example, fihatio s 1] [71:

proposed wavelet encoding system in [2], surpassed in tefms mg—1

bit error rate (BER) performance the space-time block apdin Y @ =mygdo;, 0<j<m—1 )
(STBC) system proposed by Tarokh at al. [3] with similar k=0

complexity. .

Due to the non-uniform probability distribution of Wavelet g j 3 . .
symbols, the adopted modulation scheme has a great impact ; U] Tpsmrr) = 190550005 0 S G 7 < m =1
the overall performance of the communication system. In [2]k=0
and [6] was showed that special constellations must improve
the system BER performance. In those works, the constaelhered; ;. is the Kronecker delta and the notatifin+ ml]
lations were obtained by optimization via genetic algarth stands fork + ml{ mod mg

0<lLlI'<m—-1 (3



TABLE |

Using the condition (3), it can be verified that except when
WAVELET CHANNEL CODING EXAMPLE

j =4 andl = 0 the terms of Equation (6) cancels, then

mg—1

1 2 3  1---] 8 9 0 |- Z] = Tjpi(mg—1) Z a4, = MYTiti—(mg—1)- (1)
x1a0 xla? zla%’ x1a§ mla% k=0
xoa xroa xraa Xoas: xaa

R z§a§ xzaff miag xga(?? ;,;Satf Note that there is a delay aftg — 1 when decoding the first

z4ay | T4a] T4az | T4ag | Tea7 bit, thereafter,n symbols entering the decoder will produce
; : . m information bits.
| w2 | w5 | w2 || w5 | v | w0 |- The value ofz] is used to decide about the bif,; _(,,,_1)

by comparing this value with a threshold set to zero, in order
to minimize the probability of error, since, € {+1,—1}.
The simplicity of correlative decoding is one of the main

are mutually orthogonal at shifts of length. It also states

that each row is orthogonal to itself shifted by for 0 <7 < Ill. OPTIMIZATION OF CONSTELLATIONS FORWAVELET
g — 1. These orthogonality conditions are the basis of wavelet CODING
channel coding. As expressed in Equation (5) encoded symbols are non-

Consider the information bit$z,, }, with z,, € {+1, -1}, equiprobable, and the constellation mapping used to mtlula
and an ordern, genusy wavelet coefficient matrixi = (a;). the wavelet symbols to have a strong impact on the perfor-
In the wavelet coding process, bits are multiplied by dettinmance of this coding scheme.
rows of a WCM, the results of these multiplications are sHtifte |n [6] and [2] genetic algorithm (GA) was used to search
by and added to generate the wavelet symbdlis coding a PSK constellation that minimizes the BER of the wavelet
procedure is illustrated in Table | for a ordergenust WCM.  encoding system. Compared to traditional PSK, the obtained

constellation improves the system performance, but thd use

The wavelet symbo},, produced at times, it is equal to  GA did not take into account the zero-mean constraint, a
the sum of then-th column of encoded message bit values ifecessary property of any optimal (in terms of minimal SER)
Table | and it is therefore not restricted to values. It can constellation with constrained average energy [4].

be expressed as [2]: We can improve the performance of the constellations
me1g—1 obtained in [6] and [2] simply translating them toward zero
Ypmrq = Z Za’ngrqx(pfl)erj (4) mean, and scaling them up to their original average energy.

Motivated by the good results obtained by the pairwise

7m0 optimization for non-uniformly distributed sources in AWGN
and it takes values in the s¢t-mg, —mg + 2,...,—mg + channels presented in [4], in this work, we apply this method
2k,...,0,...,mg — 2,mg}. with some adjustments, to design constellations for wavele
If the information bits are equiprobable, the wavelet synencoded systems and to extend its application to flat fading
bols are distributed according to: channels.

Pr(y, = 2k —mg) = (”;9> (0.5)™9, 0 <k <mg. (5) A. Problem Formulation
The source generates equiprobable bits, and the transmitte

In the encoding process; information bits are encoded inUsSes a WCM to obtain wavelet Symb()ls, distributed aCCOfding
m wavelet symbols aneh signaling intervals are used to send0 (5). The obtained symbols are mapped in a M-ary two-
them, so this system has spectral efficiency of 1bit/s/Hz. dimensional (2-D) modulation scheme. Modulated signags ar

The information bits{z,} can be recovered from thetransmitted over a flat Rayleigh fading channel. In the rewgei
received symbol sequence by using a bankiaforrelators of the AWGN noise is added to the received signal and the
length mg matched to then rows of the WCM. In absence demodulation is bynaximum a posteriorffMAP) decoding.
of errors, the output of the correlator matched to the réw 10 find the optimum constellation, the search space to be

at timei = m(g + p) — 1 can be expressed as: considered is continuous_anq it consists of all collectiohs
points{si, $3,...,sn} satisfying
—1 .
g mgz o - e a zero mean constralnEglpi]f;i =0, and
: Pt (mg—1)—k « an average power constraidt,_, p;||si||> = E,
mg—1m—1g—1 where the average energy per symhi@),is given. Note that
= > > >4 (ai-,_lmxj'+lm+i—(mg—l))~ (6) E = E to the wavelet coding present here. o
k=0 /=0 =0 Each wavelet symbol is mapped to a signal po#it, in
some initial M-ary constellation, wherg; = (s;4,5:,).

1The wavelet encoder can be represented by filter banks asdhow2] During the optimization, the arrangement of the points is



changed in order to achieve the lowest symbol error rate {SER

at a given signal-to-noise ratio (SNR),/ Ny, whereE}, is the M

average energy per bit. P, = Z P (e|s) P (sy,)
For a given constellation that satisfies the constraints, it u=1

is not possible to adjust the position of a single point while M

adhering to the two constraints. However, taking any pair of = ZP U €iulSu | P(S2)

points it is possible move it around while still adhering e t u=1 i#u

constraints. So, it was proposed in [4] a pairwise optinnirat M

that it is explained below. < DD Pelsn) P (s0) (14)

Select two pointss; and s3, the zero mean constraint u=1i#u

implies that where P (¢;,|s;,) is the probability thats; has a larger MAP

M decoding metric thag,, given thats;, was sent, i.e.P(s}|7) >
1§+ pass = — Zpﬁ? (8) P(su|™). Wherei” = as,, + 7 is the received vector signal,

i—3 « is a Rayleigh distributed amplitude fading variable with

second momen®s?, and 7 is a noise vector with zero-
And the average energy constraint implies that mean uncorrelated Gaussian distributed components, adth w
varianceNy /2.
M We assume thaty, s;,, and# are independent from each
pi|lsil|? + pol|$3|)? = E — z:pil\&ill2 (9) other, and the fading variable can be correctly estimated
i=3 at the received signal. So, conditioned to a value agf
P (€;y|a, s7,) is given by:

Pleadasi =@ (2 VINoIn(P (52) /P (s:>>5>

Solving the equations (8) and (9) fes we have

o - N il
10z 18y 2
Sopg—7—— | +|S2y—F7——"-—| =7 10 L
< T (; +p2)) ( 2 (py +p2)> (10) And, P (e;,|s;) is given by [9]:
Wherer?: P (€iul52) = Eq [P (€iulev, 53)]
5 e} a 042
E- = [ Plea,s) Gexp (- | d
P2 — pl( d) B P 2(@320 +a12/). (11) /0 (6 ‘Oé S ) o) exp ( 202) o
p2(p1 +p2)  p2(p1 +p2) ’
) 1(1_L)exp —en (1 —1)] if Wi >0
whith & = — 2522 andd = 22 |5 =q2N = N | .
And s is given bys; = @ — cs3, thus =3 (1 + ?> exp [—5 (L4 7)), if wia <(016)
B where  w;,, = In[P(s.)/P($)],  Tiu =
Lo = fa—0roe (2 (o2, + 2y) [ (0PdR,), andds, = |Is; — ]| (where]| -]
Sly = Gy —C-S2y (13) s the Euclidean norm). Note that, as shown by Equation 16,
P (e;,]5,,) admits a closed-form expression, unlike the case
wherec = g—f when the channel is AWGN (with no fading) [9], resulting in

With equation (10), we have a circle centered & more speedy optimization.
Lo PLay ) \with radiusr, on which s may travel while At each iteration only the pair of point§ ands; changes
p1+p2’ p1+p2 ! ; i : ;
adhering to the constraints, asd is given by equation (12) Its posmon on.the constellation map,. SO WE can ignore the
terms in equation (14) for # 1,2 and: # 1,2 as they will

also adhering to the constraints. . 7 . ST
. .., remain constant. The objective function to be minimized for
Then, the problem of searching over four variable

(51,2, 51,y, S2,2, S2,y) t0 each selected pair is reduced t§aCh pairis.
searching over a single variablg, which is the angle param- Fia =Y P(eq1) P(si) + Y P(ein) P (s3)
eterizing the circle foks;. For a given value of, the value of i£1 i£2
$5 is defined, ands is related by equation (12). M

To evaluate the potential constellations, it is used themni + P (5) (P (e1a) + P (€24)) (17)
upper bound on the SER; given by Equation (14), which is u=3
fairly tight for medium to high SNRs [4]. The union bound Since the wavelet symbols of the same absolute value are
can be inaccurate for low SNRs, but it is simpler than othequally likely, it is natural that there is a symmetry in the
tighter bounds. To further improve system performance tlwenstellation map. This symmetry constraint was addeddo th
tight upper and lower bounds of [8] and [9] can also be usegptimization algorithm.




Thus, only pairs of positive symbols can be selected at eachVe assume slowly-varying frequency-nonselective fading
iteration, after determining the positions of the selegiedt channel modeled by a Rayleigh distribution. We also assume
of points, the positions of negative symbols are obtained pgrfect channel estimation at the receiver. The Maximum
symmetry with respect to the axis x. And the constellation & Posteriori (MAP) criteria was used to detect the wavelet
adjusted, before starting the new iteration, to satisfyzbe symbols at the receiver. The wavelet-coded systems were
mean and average power constraints. simulated with flat real WCM'’'s with dimensions 2x8 and
B. Algorithm 2x128. I I .

All pairwise optimized constellation presented here were

The optimization follows the steps presented in Algorithrgptained for an average energy constrdint 1 and SNR =
1. In this work, the initial constellation used were conistén 4 gg.

with zero mean and average energy per symbet 1. The pairwise optimized constellation for wavelet coding
— : — with a 2x8 WCM is shown in Figure 1. The signals are labelled

Input: - objective-function, symbols probabilities with the values of the corresponding wavelet symbol, in this

Output: optimum or sub-optimum constellation map case we have 9 wavelet symbols.

Initialization: Figure 2 shows the BER curve®rsusE;/N, for wavelet

« Configure some initial constellation, ensuring it adheéresding with 2x8 WCM. It includes the curve for the 9-PO
to zero mean, average energy and symmetry constraigsnstellation, the special 9-PSK [6] and the special 9-PSK
Iteration: translated and normalized to have zero mean and energy
WHILE STOP = FALSEDO average 1.
1) Randomly (uniformly) select a pair of pointsi, s3) At first, it can be verified that the translation and normal-

corresponding to positive wavelet symbols from thization applied to the special 9-PSK constellation impsoits
under optimization constellation . performance in about 2 dB. The 9-PO constellation attains a

2) Calculate the constrained circles from (10) and (12). 9@in in the E;, /N, on the order of 1 dB over the special 9-
3) Find the new positions ofsi, s3) by minimizing (17), PSK constellation for values of BER below)—2 _and 2 dB
and to set this position in the constellation. for values belowl0~*. These gains were obtained because
4) Obtain by symmetry with respect to the x-axis, thENPOSINg zero-mean it is possible enlarge the minimum Eu-
positions of negative wavelet symbols corresponding fdidean distance of the constellation as well as hold thgirad
the selected pair of points. average energy.
5) Adjust the constellation to satisfy the constraints.
6) If the constellation stabilizes, STOP = TRUE

END 15[ *8
Algorithm 1: Optimization Algorithm for constellation maps ) *6 *4
The proposed algorithm is an exhaustive search, so in Stef *2
4 the angled that parametrize the circle is set to be 0 relative 0.5¢
to the x-axis, and take discrete steps counter-clockwiseh e g
one of three degree. At each stepdpfFis is calculated using %; 0 *0
the corresponding point§ ands; on their respective circles, 3
and the design SNRE}/Ny), which is set as a constant. -0.5f :
The upper bound on SER given by Equation (14) is used %2
to determine the stabilization in Step 5. In contrast wit th 1t
algorithm used in [4] where the stabilization is determined *-6 * -4
by visual inspection. After each 100 iterations the upper 15 g
bound value is verified, if it has a variation less theim!° 15 -1 05 o o5 1 15
and number of iterations performed is larger then minimum In-Phase

value established, the condition STOP becomes TRUE. We Fig. 1. Pairwise optimized constellation for a 2x8 WCM

performed at least 3000 iterations for each optimization. ) . )
We next consider a wavelet coding system with a 2x128

IV. SIMULATION RESULTS WCM. It should be noticed that if each wavelet symbol is

The results were obtained by Monte Carlo simulation ohapped to a constellation point, as in the previous case for a
systems using the proposed pairwise optimized (PO) censtk8 WCM, an increase in the dimensienx mg of the WCM
lations (which are denoted hy/-PO, where)M is the number can lead to performance degradation, due to the crowding of
of constellation points). For performance comparison vee althe constellation, since we haveg + 1 wavelet symbols for
present numerical results for systems using special PSK canm x mg WCM.
stellations (which are denoted special-PSK) obtained by In order to overcome this problem, it was used a truncation
using genetic algorithm (GA) [2] and [6]. scheme as in [2], [6], where more than one wavelet symbols
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Fig. 2. BER performance of constellations for a 2x8 WCM

TABLE Il

TRUNCATION SCHEME FOR A2X128 WCM

Truncated Key Truncated Key
Set Symb. Set Symb.
{14,16, 18]} 16
{0} 0 {-14,-16, 18} -16
{2,4,6} 4 {20, 22, 24} 22
{—2,—4,-6} -4 {—20,-22, —24} -22
{8,10,12} 10 {26, 28,30, ..., 128} 28
{-8,-10,—12} | -10 | {-26,-28,-30,...,—128} 28

are mapped to one constellation signal.
For the wavelet coding system with a 2x128 WCM Weesented [4] was designed to numerically minimize a SER

adopted the truncation scheme present in [2], it is ShoWgynd for an AWGN channel, here we used a SER bound for a

in Table Il. This truncation scheme reduces the number gf; fading Rayleigh channel, the reason is because the atavel

constellations signals from 129 to 11. The pairwise optdiz cpannel coding has no gain in AWGN channel [1] and in this
constellation is shown in Figure 3.

* 22
15f
1 % 28 *.16
* 10 * 4
0.5f
©
Ei
£ o *0
[+
3
&
-05
* -10 * -4
-1k * —28 216
-15F
‘ ‘ G ‘ ‘
15 -1 -05 0 0.5 1 15

Fig. 3. Pairwise optimized constellation for wavelet codivith 2x128 WCM

In-Phase

it can be verified that the special 11-PSK constellation with
Zzero mean presents a gain over the special 11-PSK with mean
different from zero.

The performance of this wavelet coded system with the 11-
PO constellation are also compared with a space-time block
coding (STBC) system. In this STBC system, at each time
slot n, symbolsc?, i = 1,2 are modulated by BPSK signals
and transmitted simultaneously from two antennas [3]. This
system also provide spectral efficiency of 1 bit/s/Hz. The 11
PO constellation presents a gain on the order of 2 dB over the
STBC system for a BER of0~°.

So, the pairwise optimized constellations present sinufar
better performance than the special PSK constellation.

V. CONCLUSION

In this work, we propose a pairwise optimization to design
constellations for a wavelet-coded system over a flat fading
Rayleigh channel. The simulation results shown that the
pairwise optimized constellations exhibit a good perfanoe
in terms of BER, compared to the special PSK constella-
tions. This methodology is more simple than the search by
using a genetic algorithm (GA) to numerically minimize a
semi-analytical formula for BER proposed in [2]. However,
it requires additional demodulation complexity due to the
asymmetry of the pairwise constellations.

The proposed algorithm is an adaptation of the iterative
methodology presented in [4] to the problem of design
constellation maps to wavelet-coded systems. The algorith

case the SER bound admits a closed-form expression.

It should be pointed out that the constellations were op-
timized considering a SER bound. Note that, to minimize
the SER do not necessarily implies in to minimize BER. In
particular, to wavelet coding, a demodulation error betwee
wavelet symbols with close values may result in no bit errors
while a demodulation error between wavelet symbols with
distant values may cause a string of errors [1]. So, we extend
our previous work [5] by adding a symmetry restriction to the
constellation design algorithm.

With the symmetry restriction, the constellations obtdine
presented a good BER performance, even though be projected
to optimize a SER bound.
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